Based on the thin-shell Donnell theory, a model to represent the action of discrete induced strain actuator patches symmetrically bonded to the surface of a circular cylindrical shell has been developed. The model provides estimates of the bending curvatures due to the out-of-phase actuation and the in-plane strains due to the in-phase actuation of the bonded actuator patches. The magnitudes of the induced curvature and the in-plane strain are found to be identical to those of plates; however, due to the strain-displacement relations in cylindrical coordinates, the in-plane and out-of-plane displacements are coupled. Expressions for the equivalent forces and moments that represent the action of the actuator patches have been developed. Due to the curvature of the shell, the representation of the in-phase actuation with an equivalent in-plane line force applied along the edge of the actuator results in the application of erroneous rigid-body transverse forces. To avoid these rigid body forces, a method to represent the in-phase actuation with a system of self-equilibrating forces is proposed. The action of the actuator is then represented by an equivalent in-plane force and a transverse distributed pressure applied in the region of the actuator patch. Finite element verification of the proposed model is presented. The displacements due to the actual actuator actuation are compared with the proposed model, and very good agreement is found.
INTRODUCTION
In recent years there has been a great surge of interest in research on shape, vibration, and acoustic control of structures with induced strain actuators like piezoelectric materials and shape memory alloys. What distinguishes induced strain actuators from conventional hydraulic and electrical actuators, and makes them especially attractive for smart structures, is their ability to change their dimensions and properties without utilizing any moving parts. These actuator materials contract and expand just like the muscles in the human body. When integrated into a structure (either through embedding or through surface-bonding), they apply localized strains and directly influence the extensional and bending responses of the structural elements. Because of the absence of mechanical parts they can be easily integrated into the base structure. Integration within the structure ensures an overall force equilibrium between the forcing actuator and the deforming structure, thus precluding any rigid body forces and torques.
Induced strain actuators, like piezoelectric materials when bonded to the surface of a structure, generate a set of forces which are concentrated close to the edges of the actuator. Therefore, their action is often represented by line moments or forces applied along the periphery of the actuator. This representation simplifies analysis because the structure does not have to be discretized (to represent the nonuniform structural properties in the regions of the patches) and global structural equations can be solved with the actuator forces appearing as discretely applied external forces. This analysis method, although approximate (approximate because the actuator mass and stiffness are not represented and actuator forces derived from static and stress-free boundary conditions are used), gives reasonably accurate results for small and thin patches of actuators. Also, for the case of straight structural members like beams and plates, it does not pose any problems such as the equivalent actuator forces producing rigid-body motion. For shell-t•pe structures, however, due to their curvature, this simple representation is not appropriate for the case of in-phase actuation. In-phase actuation refers to the case when the two actuators bonded to the top and bottom surface of the shell are activated to produce strains in the same direction. Because the circumferential forces used to represent the action of the actuator are not colinear they produce rigid-body transverse forces on the shell. Thus certain special modifications must be made to such a representation scheme to accommodate the special characteristics of the shell structures. The modification proposed and verified in this paper is the application of a uniform transverse pressure across the footprint of the actuator.
To date, a number of models to represent the action of actuators on beams and plates have been proposed.
•-5 For shells, the only models that have been developed are based on layered shell theory, i.e., the analytical model assumes that the induced strain actuator material comprises a total, distinct layer of the shell. 6'7 In the work that has been reported on vibration and acoustic control of shells using piezoelectric actuators, plate models are often adapted to shells. 8'9 At first sight, this adaptation seems perfectly reasonable because the shell is thin and r/h is large. This does, however, pose a problem for the representation of in-phase actuation forces because the actuator forces are no longer colinear as in the case of beams and plates, and as stated earlier, this results in a rigid-body force being applied to the shell (see Fig. 1 ). If this is not recognized, then the action of in-phase actuation of even a small actuator patch will result in an erroneous response and can lead to a totally wrong 
With these assumptions, the following expression for the induced bending strains due to the out-of-phase actuation is Figure 7 shows the radial stress distribution through the thickness of the actuator and the ring. This stress distribution is virtually constant over the whole actuator region, except at the ends of the actuator, which validates the use of a uniform radial pressure in the analytical model. With the actuators removed, an equilibrating radial pressure applied on both sides of the shell is necessary to produce the same stress distribution on the shell surface (z/h= 1, -1) shown in Fig. 7 . Because the interest is in global shell deformations, the equilibrating pressure can be applied on one side only or on the shell midplane, since it will produce the same shell response.
III. CONCLUSIONS
In this paper, a model to represent the action of discrete induced strain actuator patches bonded to the surface of a circular cylindrical shell is developed based on Donnell's theory. Expressions to represent the actuator forces and moments have been developed for shells and are found to be the same as those obtained for plates. However, this equivalent set of forces and moments produces a rigid body mode resulting from the no-colinearity of the tangential forces due to the shell curvature. To avoid this rigid body mode, uniform pressure is applied in the region of the actuator patch. This solution method is verified using finite element modeling and showed very good agreement.
